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Transverse Shear Effects on Buckling and Postbuckling of
Laminated and Delaminated Plates

Hsin-Piao Chen*
California State University, Long Beach, Long Beach, California 90840

The one-dimensional buckling and postbuckling solutions of unsymmetric laminates with clamped edges
subjected to constant membrane strain loads are obtained based on the large deflection shear deformation
theory. Closed-form expressions of the critical buckling load and postbuckling deflection have been derived. It
is found that both effects of bending-extension coupling and transverse shear deformation will reduce the
equivalent bending rigidity and buckling load and increase the postbuckling deformation. These solutions are
used to study the behavior of a thin-film strip delamination in a base laminate. The analytic form of energy
release rate is obtained by a variational energy principle that shows that the slope of the energy release rate with
load parameter will be decreased due to effects of both bending-extension coupling and transverse shear
deformation.
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Nomenclature
= kinematic constants
= extensional stiffnesses, ij = 1,2,6
= interlaminar stiffnesses, /,y=4,5
= half length of laminate
= bending-extension coupling stiffnesses,

U = 1,2,6
= anisotropic stiffnesses, ij = 4,5
= equivalent bending rigidity based on shear

deformation theory
= equivalent bending rigidity based on classical

lamination theory
= bending stiffnesses, ij = 1,2,6
= fracture energy
= ply Young's moduli
= energy release rate
= specific fracture energy
= ply shear moduli
= 5x5 matrix defined in Eq. (7)
= submatrix of [H]
= thickness of the laminate
= shear correction factor
= length of laminate
= bending and twisting moment resultants
= in-plane force resultants
= compressive force
= critical buckling load
= transverse shear force resultants
= in-plane shear force resultant
= strain energy in postbuckling state
= strain energy in reference state
= transverse deflection
= kinematic constants
= transverse shearing strains in xz and yz

planes
= total axial shortening
= equivalent base-laminate strain
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ex> €j!> y*y = middle surface strains
eo» Ajj'Vo = membrane strain loads
0 = fiber orientation
*x> *y, K-xy = middle surface curvatures
v\2 - major Poisson's ratio
II = total potential energy of delaminated layer

Txz» ryz = stress components in postbuckling state
°xo» o>o> Txyo - stress components in base laminate
^x^y = rotations along the x and y directions

Introduction

T HE analysis of delamination buckling and growth in
composite laminates is an active research topic recently.

Both analytical methods1'7 and numerical methods8'11 such as
the finite element method have been adopted to solve this
problem. In many analytical studies, it is assumed that the
laminate is a homogeneous isotropic or orthotropic plate.1'3'6'7
Although most composite laminates in real applications are
symmetric, unsymmetric laminates or sublaminates may be
formed if delamination occurs. Under this circumstance, the
bending-extension coupling effect becomes important and
cannot be neglected. Recently, delamination buckling and
growth of an unsymmetric laminated structure have been stud-
ied by Yin4'5 based on large deflection classical lamination
theory (CLT). In his studies, the bending-extension coupling
effect on buckling load, postbuckling deformation, and en-
ergy release rate was analyzed. The energy release rate was
derived by a path-independent / integral.

The effects of transverse shearing stresses are important for
laminated plates because in composite fiber reinforced materi-
als the interlaminar shear moduli are usually much smaller
than the in-plane Young's moduli. Although these effects on
delamination buckling, postbuckling, and growth in a spe-
cially orthotropic rectangular plate under axial loading have
been studied in detail previously,7 they have not been consid-
ered in the analytical studies for unsymmetric laminated struc-
tures.

In this paper, a one-dimensional thin-film delamination
model with unsymmetric laminated structure is developed.
Large deflection shear deformation theory (SDT) that includes
effects of both bending-extension coupling and transverse
shear deformation is used in the formulation. All of the three
in-plane loadings—longitudinal membrane strain, transverse
membrane strain, and in-plane shearing strain—are applied on
the structures. At first, one-dimensional buckling and post-
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buckling behaviors of general unsymmetric laminates are stud-
ied. Closed-form expressions of the critical buckling load and
postbuckling deflection are obtained. Based on the shear de-
formation theory, the rotation along the y direction is not
trivially zero in order to satisfy the equations of equilibrium,
which is different from the case of cylindrical buckling studied
previously.5 It is shown that although the sinusodial terms in
extensional and shearing membrane strains are in phase with
out-of-plane deflection, the sinusodial terms in rotations
along the x and y directions are out of phase with out-of-plane
deflection. Among the six elements of the bending-extension
coupling matrix [#//], three terms (Bn, B16, B66) have effect on
the one-dimensional buckling deformation. The buckling and
postbuckling solutions obtained are then taken to analyze the
thin-film strip delamination in a thick base laminate. A gen-
eral strip delamination that takes place at arbitrary depth
through the thickness in unsymmetric cross-ply laminates
based on shear deformation theory will be studied in a sepa-
rate paper later. j

In the present work, the formula of energy release rate is
obtained from the variational energy principle. The same re-
sult can also be obtained by a path-independent J integral
method. However, with the variational energy principle, the
energy release rate can be expressed analytically in terms of
in-plane strains, curvatures, resultants of laminate forces, and
moments of the delaminated layer and base laminate. It is
known that the energy release rate and the stress intensity
factor are closely related to the asymptotic behavior of the
interlaminar stresses near the crack tip. However, the detailed
behavior of the interlaminar stresses near the delamination
front are practically irrelevant to the actual evaluation of the
J integral for the energy release rate since the path of integra-
tion can be moved far from the crack tip. Because the accu-
racy of the in-plane stresses along the path of integration
determines the accuracy of the /integral, a better evaluation
for the energy release rate is obtained if the transverse shear
effect is taken into account.

One-Dimensional Buckling and Postbuckling
Analysis of General Unsymmetric Laminates

Consider a general laminated plate with clamped edges sub-
jected to in-plane membrane loadings. Let e°, ey, and yxy ^e

longitudinal membrane strain, transverse membrane strain,
and in-plane shearing strain of the middle surface, respec-
tively; and KX, Ky, and Kxy the associated curvatures. When
these in-plane membrane loadings are sufficiently large, the
laminate buckles and deflects from the plane of the laminate.
Assume the postbuckling deformation of the laminate to be
the following forms:

, A .\J/X=AI sin —a

\l/y=A2 sin —

/30 + f cos —a

TTX
COS

'sin —

where 2a is the length of the laminate and^i, A2, A3, a, ft,* To»
£, f, and r; are kinematic constants to be determined. It is
noticed that the extensional and shearing membrane strains e°,
e°, and yxy contain sinusodial terms that are in phase with
out-of-plane transverse deflection w. However, the two rota-
tions along the x and y directions \[/x and \l/y contain sinusodial
terms that are 90 deg out of phase with out-of-plane deflec-
tion. To satisfy the equations of equilibrium, \l/y cannot be set
to zero trivially. This is different from the case of cylindrical
buckling of laminated plates based on classical lamination
theory.5 The compatibility condition

d2ex 82ey d2yx

~ dxdy (2)

yields f =0, i.e., the transverse membrane strain e^ =/50 must
be a constant. Other compatibility conditions are automati-
cally satisfied. The constitutive relations for the laminates are
characterized by the following equations:

Nx

Ny

Nxy

Mx

My

Mxv

A\\ A\i A\6 BH B\2 BIS
A \2 A22 A26 Bi2 B22 B26

Ai6 A26 A66 Bi6 826 ^66
Bn B12 B16 Dn D12 D16

Bn B22 B26 D12 D22 D26

B16 B26 BM D16 D26 D66

(3)

(4)

For simplicity, a single shear correction factor is chosen in this
study. However, for a multilayer laminate composed of an-
isotropic plies, the transverse shear effect generally cannot be
characterized by a single number independent of the aniso-
tropic moduli and the stacking sequence.12 Denoting the thick-
ness of the laminate to be h, the interlaminar stiffnesses are
defined as

1,7=4,5 (5)
-h/2

A l lw =A3 1 +cos —

7T TTX
=-Ai COS ——a a

Based on shear deformation theory, the equations of equi-
librium for the one-dimensional buckling problem are

A^ = 0 (6a)

Nxy,x = 0 (6b)

A
= ~^2 COS ——

1TX
cos —

a

(1)

(6c)

(6d)

(6e)

Substituting Eqs. (3) and (4) into Eq. (6) and using the kine-
matic relations, Eq. (1), we obtain
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An A16

AM A66

-kA55Dl6+-kA

Bi6

B66

2

0 0

0

0

-kA4

-kA45 NXA3

(7)

From Eq. (7), the critical buckling load Pcr= -(Nx)cr can be
determined as

(8)

where D is referred to as "equivalent bending rigidity" and
defined by

det [H]
= det [H55]

(9)

where [//] is the 5 x 5 matrix on the left-hand side of Eq. (7)
and [H55] is the submatrix of [H] formed by omitting its fifth
row and fifth column. Because of the unsymmetric layup and
transverse shear effect, the equivalent bending rigidity D and
the buckling load Pcr depend not only on the bending stiff-
nesses Z>n» Z)16, and D66 but also on the extensional stiffnesses
An,Ai69 andA66, the bending-extensional coupling stiffnesses
#n, B{6, and B66, and the inter-laminar stiffnesses A44, A45,
and A55. If the transverse shear effect is neglected, i.e., based
on CLT, the critical buckling load of an unsymmetric laminate
becomes5

where
AH A i6 Bn

A i6 A66 B16

An Ai6 Bn

An Ai6
A16 A66

(10)

(H)

is the corresponding equivalent bending rigidity. Comparing
with Eq. (9), the stiffness coefficients Z>i6, D66f B66, ^444, A55,
and A45 are absent in Eq. (11). For a symmetric laminate with
By = 0, the critical buckling load is simplified further to

(12)

CLT. It is found that the amount of reduction in equivalent
bending rigidity D because of the bending-extensional cou-
pling exceeds 50% for n = 1 and 25 deg<0<45 deg. Results
based on SDT are given in Figs. 2-4 for three slenderness
ratios L/h = 10, 20, and 40. Because of effects of both bend-
ing-extensional coupling and transverse shear deformation,
the maximum reduction in D is about 65% for « = 1, L/
/z = 10, and 20 deg<0<25 deg. The amount of reduction
decreases as the number of sets n and the slenderness ratio L/h
increase. This is because the coupling stiffnesses Bn, B16, and
B66 decrease as n increases, and the transverse shear effect
decreases as the slenderness ratio L/h increases. The dotted
curves in Figs. 1-4 represent the results without bending-ex-
tension coupling effect and give least reduction in D. Figures
2-4 also show that the ratios of D/Dn for laminates with
smaller 0 are smaller than those with larger 0. This is because
the transverse shear effect is more significant for laminates
with smaller 0. This may be seen from Eq. (A5). Figure 5
shows the effect of transverse shear deformation on normal-
ized equivalent bending rigidity D/Dn with different orienta-
tions 0 by comparing the results from shear deformation the-
ory with those from classical lamination theory.

The postbuckling solution can be obtained by the following
procedure. First, the constants A\> A2, £, and 17 can be solved

i"
0.4 CLT

[±*]n:n-1-5

It can be shown that D<DC<DU. This indicates that both
effects of bending-extensional coupling and transverse shear
deformation will reduce the equivalent bending rigidity and
the critical buckling load.

The quantitative effects of bending-extensional coupling
and transverse shear deformation on the buckling strength of
a laminated plate can be examined by using antisymmetric
angle-ply laminates [±0]n. The ply mechanical properties of
graphite/epoxy composite material are given as follows: E\ =
137.9 GPa, £"2 = 9.65 GPa, G12 = G13 = 5.52 GPa, G23 = 4.14
GPa, and *>i2 = 0.3. The shear correction factor k is taken as
7T2/12 (Ref. 13). The expression of the ratio D/DU, which is
identical to Pcr /(Pcr)cLT,fll7=o» f°r antisymmetric laminates
[±B]n is given in the Appendix [see Eq. (A5)]. This ratio is
calculated for laminate stacking sequence [±6]n with n vary-
ing from 1 to 5 and for various slenderness ratios L/h
(L =2a). The results are shown in Figs. 1-4. Figure 1 shows
the relation of the ratio D/DU and the orientation 6 based on

Fig. 1 Equivalent bending rigidity from CLT.

SDT
[±*]n:n-1-5
L/h- 10
• - - - : B.,-0

Fig. 2 Equivalent bending rigidity for L/h = 10.
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Fig. 3 Equivalent bending rigidity for L/h = 20.

Fig. 4 Equivalent bending rigidity for L/h = 40.

in terms of A3 from Eq. (7)

det[#51];r2

det[H55]a2 3

^det [H52] 7T2

** ~ det [H5S] a2 3

det [H53] TT .

det [H54] TT

From Eqs. (1), (3) and (7), one obtains

r
L^4'21

r , .+ B12(-)A1+B26a
AA2\ cos —a

(13a)

(13b)

(13c)

(13d)

(14)

(15)

(16)

It is seen that both the compressive and shearing membrane
forces, P and S, are constants. However, Eq. (16) shows that
the transverse membrane force Ny is not a constant in general.
From Eqs. (14) and (15), the constants a and 70 can be solved
if the transverse membrane strain /30 and the in-plane shear
force resultant S are given.

Finally, the amplitude A3 can be determined by the kine-
matic relation of the total axial shortening A = 20e0, where e0
is the compressive strain applied on the edges x = ±a

(17)

Thin-Film Strip Delamination
The results from the preceding section are now applied to

the thin-film strip delamination with length 2a in a thick base
laminate with clamped edges. The model is shown in Fig. 6.
The base laminate is subjected to constant membrane strain
loads

(18)

= To

When these membrane strains are sufficiently large, the de-
laminated layer buckles and deflects away from the base lam-
inate. It is assumed that the stiffness of the delaminated layer
described in Eq. (3) is negligibly small compared with that of
the base laminate such that the state of membrane strain in the
base laminate is not affected by the buckling deformation of
the delaminated layer. Since there is no out-of-plane trans-
verse deflection in the base laminate, the deflection and rota-
tion of the delaminated layer are zero at the two interfaces
with the base laminate.

The solution given in the preceding section can be taken as
the postbuckling solution of the thin-film strip delamination
problem. The postbuckling deformation of the delaminated
layer is given in Eq. (1), where f=0 and /30 and 70 are the
specified membrane strains ey and yxy in the base laminate,
respectively. The constant a. is determined from Eq. (14)

«= -——— (Per+ -41200 + ̂ 1670)An (19)

Using Eqs. (1), (17), and (19), the amplitude A3 of the
transverse deflection w(x) is given as

where

(20)

(21)

is referred as the "equivalent base-laminate strain"5 and is a
linear combination of the three membrane strains applied on
the base laminate. The critical value of ej at the onset of
delamination buckling can be decided by setting A3 to zero in
Eq. (20) and yields

D
(22)

Similar forms of critical strain for both symmetric and unsym-
metric laminates without considering the transverse shear ef-

Fig. 5 Transverse shear effect on equivalent bending rigidity.
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delaminated layer

base laminate

Fig. 6 Thin-film strip delamination model.

feet can be obtained if D in Eq. (22) is replaced by Dn and Dc,
respectively. Since D<Dc<Dn, it is indicated that both ef-
fects of transverse shear deformation and bending-extension
coupling will reduce the critical strain e*. From Eq. (1), it is
found that the maximum deflection wmax= w(0) = X43, there-
fore, both effects of transverse shear and bending-extension
coupling will increase the maximum transverse deflection as
shown in Eq. (20).

Energy Release Rate and Delamination Growth
The energy release rate for the homogeneous orthotropic

plate has been obtained by the variational energy principle.7'10

The same approach is used in the present work for the general
unsymmetric laminate. The total potential energy II for the
delaminated layer can be expressed as

n = (Up-U0) + Ef (23)

where t/0 is the strain energy of the delaminated layer in the
reference state with the stresses and strains the same as those
in the base laminate, and Ef is the fracture energy of the
material. The definitions of these terms are expressed as fol-
lows:

Up = Y2\y(axex + ay€y + Txyjxy + TXZJXZ + ryzyyz) dV (24)

U0 = Y2 j vfaxoexo + OyQtyQ + Txy0yxyo) d V (25)

Ef = 2G*a (26)

The variational principle requires

With the delamination length a taken as one of the variational
variables, the local growth condition of delamination is the
equation corresponding to variational term da . After a series
of routine but tedious variational operations, the analytic
form of energy release rate is given as

G = Y2Nx[e°x(a) + e0] + Y2Nxy [y°xy(a) - To]

Y2Mxy(a)Kxy(a) +

- Y2yo(Nxy-Nxy)

where

(28)

(29)

Nxy =

Using Eqs. (1), (3), (13-16), (19-21), and (29), Eq. (28) can be
written as

1T2D

AM det[#54]2 A« det[H54] ( det[/f53]\]
/ J

Equation (30) can also be derived by the path-independent J
integral method. If the transverse shear effect is neglected, Eq.
(30) can be reduced to

2
7T2 Dc--a2 An,

(31)

This is identical to the formula obtained from the large deflec-
tion classical lamination theory given by Yin.5 For antisym-
metric angle-ply laminates [±0]M, the formula for energy re-
lease rate is given in the Appendix.

The stability characteristics of delamination growth can be
determined by the variation of energy release rate with delam-
ination length under a fixed strain state in the base laminate.
For a given load parameter e*, it is found that the energy
release rate G increases from zero with a = (-K2D/Ane*)lA to its
maximum value, then decreases slowly. When a approaches
infinity, G approaches its limiting value G00=An(e*)2/2 (see
Fig. 7, where a = a/h). If the load parameter e* is sufficiently
large such that the energy release rate G in the postbuckling
state exceeds the fracture energy of the material G*, then
delamination growth occurs. For low fracture toughness mate-
rial with G* < Goo, since energy release rate G approaches G^,

20 10040 60

of
Fig. 7 Variation of energy release rate with delamination length.

Fig. 8 Comparison of energy release rate between SDT and CLT

Fig. 9 Comparison of energy release rate between SDT and CLT
i = 40).
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Fig. 10 Coupling effect on energy release rate (L/h = 10).
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Fig. 11 Coupling effect on energy release rate (L/h = 40).

as delamination length a approaches infinity, a catastrophical
delamination growth will take place once the delaminatiori
length exceeds a specific value such that G = G*. On the other
hand, for high fracture toughness material with GW<G*<
Gmax, an unstable delamination growth occurs in the region
G > G*, and a final arrested state of delamination growth will
be attained when G = G*. Any further delamination growth is
stable because it will require a larger load parameter e*.

Yin5 has shown that the bending-extension coupling will
reduce the slope of the energy release rate with load parameter
dG/de*. In the present work, it is observed that the transverse
sheaf has the same effect as shown in Eq. (A10). Since the
delamination buckling load based on SDT is less than that
based on CLT, GSDT>^CLT at the initial postbuckling stage.
However, because (dG/de*)spf <(dG/de*)CLT» it turns out
that GSDT< GCLT when the load parameter is sufficiently large.
Figures 8 and 9 show the variations of normalized energy
release rate G/A\\ with the load parameter e* for slenderness
ratios L/h = 10 and 40, respectively. Figures 10 and 11 show
the coupling effect on energy release rate for laminates with
different ranks of coupling. It is seen that the effect is not
significant for number of set n= 2.

Conclusions
Based on the current work, the following conclusions are

made.
1) The closed-form solutions of one-dimensional buckling

for general unsymmetric laminates have been obtained based
on large deflection shear deformation theory. It is found that
the rotation along the y direction \l/y is not trivially zero to
satisfy the equilibrium equations.

2) The buckling characteristic can be determined by the
equivalent bending rigidity D defined in Eq. (9). It is found
that D<Dc<Dn, where Dc is the equivalent bending rigidity
for unsymmetric laminates based on classical lamination the-
ory.

3) Both bending-extension coupling and transverse shear
deformation will reduce the critical buckling load and increase
the postbuckling deformation.

4) The closed-form of the energy release rate can be ob-

tained by a variational energy principle. Both bending-exten-
sion coupling and transverse shear deformation will reduce the
slope of the energy release rate with load parameter.

Appendix
The postbuckling solutions and the energy release rate for

antisymmetric angle-ply laminates [±6]n are given in this Ap-
pendix.

For antisymmetric angle-ply laminates [±0]n, the stiffness
matrices14 are

" 11 An 0
A i2 A22 0 (AI)
0 0 A66

Ai

0

" 0
0

Bit

D22

0

0
0 B26

0

(A2)

(A3)

and matrix [H] defined in Eq. (7) becomes

An

0

0

BIS

0

0

-466

B\6 *

0

0

0

#16

a2

D»+-2

0
a2

IT2

IT2'

0

0

0

ikA5
0

a

IT2

(A4)

The ratio of equivalent bending rigidity to bending stiffness
Ai is

A= r
Ai Li -(P&Aabu) (a2/*2)kAK

The kinematic constants £, rj, AI, A2, A3, and a are

11
IT2 (Tr2/a2)kA55Bl6

IT

a

An\ a2

(A5)

(A6a)

(A6b)

(A6c)

(A6d)

(A6e)

(A60

From the previous results, it is seen that, for this special family
of laminates [ ± 0 ] n , e$ = a. = const and ^y = Ky=yyz=0. The
energy release rate for these laminates can be expressed as
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X 3-4 (A7)

If the transverse shear effect is neglected, Eq. (A7) reduces to
Eq. (26). If the bending-extension coupling is neglected (i.e.,
#16 = 0), Eq. (A7) becomes

G=-

•h
a2An

4

,
e

where
D=-

(A8)

(A9)

The rate of change in the energy release rate with the equiva-
lent base-laminate strain e* is given by

d / G

x l _2 ____1 — (P\6/A66^11)____
1 - (5f6/^466Dn) + a^kAss/T^.Dn]

(A10)
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